A basic mud model contains thin mineral (kaolinite and smectite) particles, roughly hexagonally shaped platelets, with diameters typically 1 micron. Isomorphous substitution causes each platelet to carry a net negative charge per unit area. Because the ions in the surrounding water respond so that there is a net positive charge on both sides of the platelet, each platelet is modeled as a sheet of longitudinal electric quadrupoles aligned perpendicular to the surface. The electrical interaction between platelets is responsible for the card-house structure, whereby the edge of one platelet touches a central line along the surface of another platelet, with the platelets being at right angles to each other. When the perpendicular arrangement is perturbed, a restoring torque attempts to return the platelets to their original state. Electrostatic analysis is used to explain why the restoring torque is formally singular at the joining line when one platelet is slightly tilted from perpendicular. This singularity requires imposition of the cantilever boundary condition in order to consider the shear resistance of mud, with each platelet bending as an elastic plate. Estimated shear speed is shown to be consistent with observations. [Research supported by SMART Fellowship and ONR.] 
I. BACKGROUND
Current sediment models are unable to predict accurately the shear wave speed of high-porosity mud. The objective of this paper is to determine estimates for this quantity by using a model that accounts for electrochemical properties of mud constituents.
According to the American Geological Institute [Jackson (1997) ], mud is "unconsolidated (uncemented) sediment of clay and/or silt, together with material of other dimensions (such as sand), mixed with water, without connotation as to composition." In geology "clay" has two meanings. One refers to a size category in which grains are less than 3.9 μm. Clay particles tend to be hexagonal platelets with typical diameters about 1 μm. Platelets in high-porosity marine mud are thin with thicknesses varying from 1 to 100 nm. The second definition refers to the mineral composing the clay platelets. Marine mud sediments contain mainly kaolinite, smectite, illite, and chlorite clays.
In shallow water, marine mud has a high porosity, and in this manuscript a porosity β of about 0.90 is considered. Although the high water content of this mud makes it fluid-like, it has a small shear speed. Standard poroelastic sediment models [Burridge and Keller (1981) ] do not apply to this mud because the particles are not in "welded contact" ]. Instead, they are in a near suspension with at best a weak elastic frame. Consequently an alternative explanation for the small but non-zero shear speed is required. Mud is an example of a colloid, with the small platelets dispersed throughout seawater. Electrical interactions between particles are an important consideration in understanding properties of a colloid. Therefore, one can consider the hypothesis that the electrical interactions lead to an explanation for the low shear speed of mud ].
Clay platelets carry a negative charge per unit area σ. This arises from a phenomenon called isomorphic substitution, in which atoms of different valence are substituted into the molecular structure of the platelet. For clay Al +3 ions may be substituted for Si +4 ions, bringing an extra electron from the external environment to permit chemical bonding. The amount of charge the platelet can hold is measured by a quantity called the cation exchange capacity χ, measured in milliequivalents per 100 g. It is related to the quotient of the number of positive ions on the platelet surface to mass of the platelet. The clay platelets are immersed in seawater and they are surrounded by Na + and Cl − ions, creating a space charge around the platelet. Pierce and Carey (2008) determined that at a distance x from the platelet and far from a corner, the space charge is approximated by
where
and e is the electron charge 1.6029 × 10 −19 C, n 0 is the ions per unit volume in seawater far from the platelet 2.8 × 10 26 m −3 , is the seawater permittivity 7.17 × 10
−23 J/K, and T is the seawater temperature assumed 290 K. The value of κ −1 ≈ 4.5 × 10 −10 m indicates that electrical effects are important only for a small distance away from the platelet. For example, at x = 5κ −1 , which is about the thickness of a smectite platelet, the space charge becomes less than 1% of its value at the surface of the platelet.
The positive sodium ions are attracted to the negative surface of the platelets. The net result is that platelets resemble sheets of longitudinal quadrupoles that are aligned perpendicular to the surface. Pierce and Carey (2008) derived an expression for the quadrupole moment per unit area q. Expanding on their work by expressing their formula in terms of the cation exchange capacity gives
where N A is Avogadro's number 6.022 × 10 23 mol −1 , ρ platelet is the density of a clay platelet in kg m −3 and h is the platelet thickness. The quadrupole nature of the platelets causes two that come together to repel face-to-face and attract end-to-face in near perpendicular contact (see Fig. 1 ). The result of these interactions is a card-house structure of platelets. Because the platelets are thin, the card-house structure results in a large void fraction, which is consistent with the high porosity observed. 
II. RIGID ROTATION MODEL FOR PLATELET INTERACTIONS
An initial model that incorporates electrical properties permits a platelet to rotate rigidly about the contact point with another platelet. The minimum energy state of two platelets is perpendicular contact. When such an alignment is perturbed, a restoring torque from electrical forces attempts to return the platelets back to their minimum energy state. By considering the electrical interaction energy of two sheets of quadrupoles at an angle φ, the restoring torque Kφ can be estimated. The effective rotational spring constant K is directly related to the effective shear modulus of a unit cell of mud, and therefore it can be used to estimate the value of shear speed. The platelets are modeled as thin squares with length L and thickness h, with quadrupole elements distributed on the face of each platelet. A point on the flat platelet has coordinates x 1 , y 1 , and z 1 = 0. A point on the tilted platelet has coordinates x 2 = ζ sin φ, y 2 , and z 2 = ζ cos φ, where ζ is the distance along the tilted platelet (see Fig. 2 ). The magnitude of the quadrupole moment on each platelet is given by
where dA 1 and dA 2 are the area elements on the flat and tilted platelet. The direction vectors associated with the quadrupole elements are e 1 = e z , e 2 = cosφ e x − sinφ e z .
The direction and the distance between two quadrupole elements are given by e r = (ζ sin φ − x 1 ) e x + (y 2 − y 1 ) 2 e y + ζ cos φ e z R , The differential of the interaction energy is obtained by applying the formula for interacting quadrupoles from Pierce and Carey (2008) (7) After substituting in the direction vectors, the interaction energy as a function of φ is found by integrating over the surfaces of both platelets,
In order to determine the effective rotational spring constant K, V φ is Taylor expanded in φ,
Because rotational energy has the form 1 2 Kφ 2 , the appearance of this term in the Taylor expansion identifies K as:
The next step is to understand the properties of K. One integral in Eq. (11) can be eliminated immediately by a change of variables from y 1 and y 2 to ξ = y 2 − y 1 and w = y 2 + y 1 . Since w does not appear, Eqs. (11) and (12) simplify to
with
In Eq. (13) another integral is evaluated by exploiting the fact that the integrand is even in x 1 and making two successive transformations x 1 = ξ 2 + ζ 2 tan θ and t = sin θ, leading to integrals of the type
where m = 0, 2 or 4, n = 5, 7, 9, 11 or 13, and
Equation (15) is easily integrated because it is a polynomial for all needed values of m and n. Using Eqs. (15) and (16), Eq. (13) becomes
dξdζ. The analysis of K up to Eq. (17) has been exact. The integration limits of Eq. (17) contain ξ = 0 and ζ = 0, which suggests that the integral may be singular near this point. To investigate the behavior near this point, we define the parameter
which will be taken small. Noting that
Eq. (17) is approximated by
In Eq. (20) the O (1) and higher terms result only in polynomials of ξ and ζ that do not produce any singularities because the integration range is finite. Any singularity must arise from the remaining integrals, which can be evaluated after making the variable change ξ = ζ tan θ,
where n = 2, 3 or 4, and
Using various trigonometric identities and integration techniques, Eq. (21) is evaluated for the needed n values and substituted into Eq. (20) to produce:
The dominant behavior of Eq. (23) is found for small ζ :
Thus the effective spring constant K is singular, implying infinite torque and energy. Consequently a modified platelet interaction model is required.
III. BEAM MODEL FOR PLATELET INTERACTIONS
An improved model is considered where platelets with elastic modulus E are allowed to bend. It is hypothesized that the near-vertical platelet in Fig. 2 remains fixed and perpendicular over a small vertical distance d before being allowed to bend. This behavior is assumed to arise from Van der Waals or other strong molecular forces. Above the height d the platelet is exposed to a torque per unit length kφ from electrostatic forces, where k is given to a good approximation as
Equation (25) is obtained by neglecting the integration in Eq. (24) and approximating ζ by z. These considerations can be used to derive a bending equation for a mud platelet.
The first simplification is to ignore y-variability and model the platelet as a beam. A beam equation specifies the horizontal displacement u of the platelet (see Fig. 3(a) ). Consider a beam element of length Δz (Fig. 3(b) ) with a moment per unit length m acting along the element, and moments M T and M B and shear forces F T and F B acting at the top and bottom of the element. Taking the pivot point at the element center and balancing moments results in 
IV. CONCLUSIONS
At this point the effective shear modulus of a unit cell of mud can be determined. The effective shear stress is the shear force per unit area, given by
The effective shear strain is:
The effective shear modulus is the ratio of Eqs. (45) and (46),
The density of mud is given in terms of the porosity,
Finally the expression for the shear speed is
It is relevant to note that Eq. (49) can be derived alternatively by returning to the initial rigidly rotating model for the platelet in Sec. II. In Eq. (24) for the effective rotational spring constant, replace the lower limit by d. Because d is small, K can be approximated by
This finite value of the torsion constant can be used to determine an expression for the shear modulus. Because there are two equivalent definitions of torque τ, it follows that
Using F from Eq. (51) and the effective shear stress formula Eq. (45) yields The effective shear strain is given by
The effective shear modulus is then
which is exactly the effective shear modulus of Eq. (47). Therefore, the leading-order approximation for the elastic platelet model is equivalent to the result from the rigid rotation model. This is why the linear approximations are so close to the exact solutions in Fig. 4 .
Using values for platelet parameters selected in Table 1 , shear speeds for smectite and kaolinite are estimated as 0.20 m/s and 10 m/s. Mixtures of smectite and kaolinite would have shear speeds between these values. These shear speed values are consistent with high-porosity mud values reported by Jackson and Richardson (2007) . Although additional work is required for justifying model approximations and sensitivity to parameter values, the model results here are promising.
